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Abstract
We consider the compactification on a circle of the Heterotic Superstring ef-
fective action to first order in the Regge slope parameter α′ and re-derive the α′-
corrected Buscher rules first found in Ref. [40], proving the T duality invariance of
the dimensionally-reduced action to that order in α′. We use Iyer and Wald’s pre-
scription to derive an entropy formula that can be applied to black-hole solutions
which can be obtained by a single non-trivial compactification on a circle and dis-
cuss its invariance under the α′-corrected T duality transformations. This formula
has been successfully applied to α′-corrected 4-dimensional non-extremal Reissner-
Nordström black holes in Ref. [19] and we apply it here to a heterotic version of
the Strominger-Vafa 5-dimensional extremal black hole.
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1 Introduction
Superstring Theory is expected to be a consistent theory of Quantum Gravity. There-
fore, one would like to use it to study gravitational systems in which quantum-mechanical
effects are believed to play an important role, such as black holes. In particular, one of
the results that we expect from Superstring Theory is a microscopical accounting of the
entropy attributed to them by macroscopic (thermodynamic) laws and calculations.
Achieving this result demands, first of all, black-hole solutions of Superstring The-
ory whose macroscopic entropy can be computed. These are classical solutions of the
Superstring effective action. Then, if one manages to associate the black-hole solution
to a good Superstring Theory background on which the theory can be quantized, the
microscopic entropy can be associated to the density of string states in that background.
In a seminal paper [1] Strominger and Vafa completed the above program for a
extremal, static, 3-charge 5-dimensional black-hole solution of the type IIB Superstring
Theory at lowest order in the Regge slope parameter α′, identifying the associated
type IIB string background as one with intersecting D1- and D5-branes with momen-
tum flowing along the intersection. Strominger and Vafa argued that, although the
black hole only solved the zeroth-order in α′ equations of motion, the higher-order cor-
rections could be made small enough by imposing conditions on the charges carried
by the black hole. Under those conditions, the microscopic and macroscopic entropies
(the later given simply by the one fourth of the area of the event horizon) matched to
lowest order in α′.
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Since α′ is the square of the string length, the higher-order in α′ corrections to
the string effective action, its solutions and the properties of the solutions describe
characteristic “stringy” deviations and this makes their study most interesting. This
study requires:
1. The knowledge of the higher-order terms in the string effective field-theory ac-
tions.
2. The construction of solutions of those effective actions with higher-order terms.
These solutions can often be viewed as α′-corrected zeroth-order solutions (re-
covered by setting α′ = 0).
3. The computation of the physical properties of the α′-corrected solutions.
Terms of higher-order in α′ are terms of higher order in curvatures and their com-
plexity grows rapidly with the power of α′. This makes them very difficult to compute
and, consequently, our knowledge of the α′ corrections to the effective field theory
actions of different Superstring Theories is very limited. The α′ corrections to the Het-
erotic Superstring effective action are probably the best known, and they have only
been computed to cubic order (quartic in curvatures) in Ref. [2], using supersymmetry
completion of the Lorentz Chern-Simons terms [3].1
We can use, then, the Heterotic Superstring effective action given in Ref. [2] for the
next step: computing α′ corrections to black-hole solutions. As a matter of fact, the
black-hole solution studied by Strominger and Vafa in Ref. [1] can also be considered
as a zeroth-order solution of the Heterotic Superstring effective action and it would
certainly be interesting to compute its α′ corrections, at least to first order. Finding
these corrections, though, is a complicated problem. One of the problems is that the
complete Heterotic Superstring effective action with higher-order corrections has not
been compactified down to the 5 dimensions in which the black hole lives.2 Effective
actions which would capture what are believed to be the most relevant α′ corrections in
lower dimensions have been proposed and used to compute corrections to black-hole
solutions (see, e.g. Ref. [12] and references therein). Alternatively, in order to simplify
the problem, it has been proposed to work only with the near-horizon solution (see
e.g. Refs. [13, 14] and references therein). It is fair to say that each of these simplified
approaches has problems of its own and that they do not offer a complete picture of
what the α′-corrected black-hole solutions are like.
1The equivalence of this effective action with previous results obtained in Refs. [4–7] was established
in Ref. [8].
2A toroidal compactification to first order in α′ but with no Yang-Mills fields has been recently
constructed in Ref. [9]. The toroidal compactification with only Abelian Yang-Mills fields (which occur
at first order in α′) and no terms involving the torsionful spin connection (so the 10-dimensional action
is that of N = 1, d = 10 supergravity coupled to Abelian vector supermultiplets) was carried out in [10].
An earlier compactification of the Heterotic Superstring effective action to just d = 4 at zeroth-order in
α′ (so the 10-dimensional action is that of pure N = 1, d = 10 supergravity) was carried out in [11].
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Recently, a different approach for computing α′ corrections without making as-
sumptions about the lower-dimensional effective actions or considering only near-
horizon limits has been proposed in Ref. [15]: since the 10-dimensional first-order
in α′ Heterotic Superstring effective action is known without any ambiguities (beyond
possible field redefinitions), first-order in α′ corrections to solutions should be directly
computed in 10 dimensions using the uplift of 4- or 5-dimensional solutions. Then,
the α′-corrected solutions can be compactified back to 4- or 5-dimensions. This ap-
proach has been successfully used to compute the first-order in α′ corrections to 5- and
4-dimensional extremal black holes in Refs. [15] and [16–18], respectively and, more
recently, to 4-dimensional non-extremal Reissner-Nordström black holes in Ref. [19].
The question of the regularity of the so-called small black holes has also reviewed in
Ref. [20,21] in the light of those results.
Having the α′-corrected solutions we can compute their physical properties. For
black holes, these are their conserved charges and their thermodynamical properties:
entropy and temperature. The Hawking temperature is always determined by the
value of the surface gravity of the metric. While the metric can receive α′ corrections,
the relation between Hawking temperature and surface gravity does not change. This
is not the case for the Bekenstein-Hawking entropy, which, in presence of α′ corrections
(higher-order in curvature corrections in general) is no longer determined by the area
of the horizon which also receives α′ corrections coming from those of the metric.
Based on previous work [22, 23], in Ref. [24] Iyer and Wald gave a prescription to
derive an entropy formula in diffeomorphism-invariant theories. The main fact that
characterizes this prescription is that the entropy computed using it satisfies the first
law of black-hole mechanics [25].
Iyer and Wald’s prescription is based on a series of assumptions about the field con-
tent, which has to consists on tensor fields only. The only tensor field in our current
understanding of Nature is the metric, though, the rest being connections and sections
of different gauge bundles or, in other words, field with some kind of gauge freedom.
The validity of Iyer and Wald’s prescription has subsequently extended to theories that
include fields with gauge freedoms in Refs. [26–28], but the Heterotic Superstring ef-
fective action (and many other string effective actions) include a field which is not a
connection or a section of some gauge bundle: the Kalb-Ramond field. This complica-
tion has been ignored in most of the string literature3 and the Iyer-Wald prescription
has been naively applied with results that seem to be compatible with the microscopic
3An independent derivation of an entropy formula using Wald’s formalism and dealing with some
of the problems that the presence of the Kalb-Ramond field rises has been made in Ref. [29]. The final
entropy formula depends on an compensating gauge parameter which is left undetermined, making
its applicability unclear and a comparison with the entropy formula one would derive from a naive
application of Iyer and Wald’s prescription difficult. Although in that reference it is argued that this
undetermined compensating gauge parameter does not contribute to the entropy, at least in certain rel-
evant cases, the invariance of the entropy formula under local Lorentz transformations was nevertheless
shown to depend on it, which seems contradictory.
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calculations of the entropy.4
For instance, in Ref. [15], the entropy of the (heterotic version of the) α′-corrected
Strominger-Vafa black hole was computed using the Iyer-Wald prescription directly in
the 10-dimensional action. The result obtained was compatible with that of the mi-
croscopic calculation carried out in Ref. [30] to first-order in α′, with an appropriate
identification between the charges carried by the black hole and associated string back-
ground [31]. More precisely, the entropy obtained was interpreted in Ref. [15] as the
O(α′) truncation of the expansion in powers of α′ of the exact result found in Ref. [30].
This interpretation, however, was a bit puzzling, because in Ref. [15], it was argued
that the near-horizon region of the black-hole solution, which determines the entropy,
should not receive further α′ corrections. Furthermore, an explicit calculation shows
that at least the O(α′ 2) corrections to the entropy vanish identically [32]. All this
suggests that the result obtained for the entropy in Ref. [15] should be exact to all orders
in α′ and, therefore, it should be identical to the result of the microscopic calculation
of Ref. [30].
This puzzle was solved in Ref. [31], where it was observed that the dependence
of the action on the Riemann curvature5 in the Lorentz Chern-Simons term of the
Kalb-Ramond field strength is changed by dimensional reduction. Taking into account
this change, which amounts to a factor of 2 with respect to the result of Ref. [15], the
macroscopic entropy computed at first order in α′ using naively the Iyer-Wald formula
matches the exact microscopic result. This gives further support to the conjecture that
the black-hole solution does not receive further α′ corrections and may be considered
an exact Heterotic Superstring solution.
The results of Ref. [31] made clear that, in the case of the Heterotic Superstring ef-
fective action, the entropy formula has to be derived from the dimensionally-reduced
action in order to determine correctly the dependence of the action of the lower-
dimensional Riemann tensor. One of our goals in this paper is to perform the di-
mensional reduction of the Heterotic Superstring effective action to first order in α′
over a circle to apply to it the Iyer-Wald prescription and obtain an entropy formula.
This entropy formula can only be applied to d-dimensional black holes that can be ob-
tained by trivial compactification on T9−d and a non-trivial compactification on a cir-
cle. For instance, it can be applied to the heterotic version of the Strominger-Vafa black
hole because it can be obtained from a 10-dimensional solution by trivial compactifi-
cation on T4, to 6 dimensions and a non-trivial compactification on a circle from 6 to 5
dimensions. It can also be applied to the non-supersymmetric 4-dimensional Reissner-
Nordström black hole of Ref. [33], which can be obtained from pure 5-dimensional
gravity and, therefore, can be obtained from a purely gravitational 10-dimensional so-
4Wald’s formalism’s first step consists in the proof of a first law of black-hole mechanics for the
theory under consideration. A first law for the Heterotic Superstring effective action to first order in α′
has not yet been proven, although it is widely assumed to exist (for instance, in the derivation of the
entropy formula of Ref. [29]).
5According to the Iyer-Wald prescription, the entropy formula only depends on the occurrences of
the Riemann tensor in the action.
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lution by trivial compactification on T5 to 5 dimensions and, then, by a non-trivial com-
pactification on a circle from 5 to 4 dimensions. Actually, the entropy formula Eq. (5.3b)
that we are going to derive in Section 5 has been applied to a non-extremal version of
the 4-dimensional Reissner-Nordström black hole we just discussed, in Ref. [19]. While
the microscopic interpretation of the entropy of this black hole is unknown, being a
black hole with finite temperature, one can check that the first law of thermodynam-
ics is indeed satisfied because the temperature computed from the α′-corrected metric
and the entropy computed from the α′-corrected metric with the α′-corrected entropy
formula are related by the thermodynamic relation
∂S
∂M
=
1
T
. (1.1)
This paper’s second goal has to do with one of the most interesting and charac-
teristic properties of String Theory: T duality.6 T duality relates two string theories
compactified in circles of dual radii. The spectra of the two theories can be put into
one-to-one correspondence and, from the lower dimensional point of view, they are
essentially identical, up to charge identifications.7 More generally, Buscher [35, 36]
showed that two string backgrounds with one isometry whose background fields are
related by the so-called Buscher T duality rules are equivalent.
String backgrounds related by T duality may have very different geometries and
properties in spite of their stringy equivalence. On the other hand, T duality (via the
Buscher rules) can be used actively to generate new (dual) string backgrounds from
known backgrounds. This is what makes this duality so interesting.
Perhaps not surprisingly, the Buscher rules can be derived from the string effective
action: the dual8 Kaluza-Klein compactifications of two effective actions on a circle
give the same (d− 1)-dimensional action and the same equations of motion. In prac-
tice, one can perform identical Kaluza-Klein compactifications, determine the relation
between the (d− 1)-dimensional fields of the two actions (which is usually very sim-
ple because it does not involve the (d− 1)-dimensional string metric or Kalb-Ramond
field) and rewrite this relation in terms of the components of the original d-dimensional
fields [37]. This relation is just the Buscher T duality rules. This strategy has been suc-
cessfully used to find the extension of the Buscher T duality rules that relates equivalent
type IIA and type IIB superstring backgrounds [38] and higher-rank Ramond-Ramond
potentials [39].
In the context of the Heterotic Superstring, this strategy was used in [40] to find
the first-order in α′ corrections to the Buscher rules.9 Only the Yang-Mills fields were
included at order α′, but, taking into account that the torsionful spin connection enters
6For a review with many early references see Ref. [34].
7Charges related to Kaluza-Klein momentum and charges related to winding number along the
compact direction should be interchanged.
8That is, with fields related by the Buscher rules.
9At zeroth-order in α′, the Heterotic Superstring effective action only describes the so-called common
sector of Neveu-Schwarz-Neveu-Schwarz fields, so the Buscher rules are just those found by Buscher.
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the action in exactly the same way as the Yang-Mills fields [3], it was possible to find
the α′ corrections to the Buscher rules.
The α′-corrected Buscher rules are of no use if there are no α′-corrected solutions at
one’s disposal to generate new solutions or to check their equivalence. For this reason,
the results of Ref. [40] were sleeping the “sleep of the just”10 until quite recently, when
they were first applied to α′-corrected self-T-dual solutions, providing a highly non-
trivial test of both the α′ corrections of the solutions and of the T duality rules.
Our second goal will be to study the T duality invariance of the complete dimensionally-
reduced Heterotic Superstring effective action and of the entropy formula that follows
from it. While the α′-corrected Buscher rules will be those of Ref. [40], the complete
reduced action will have many more O(α′) terms than the action obtained there. The
invariance of the action under T duality suggests that they will contribute to the en-
tropy in a T duality-invariant form, and we will prove that this is the case.11
This paper is organized as follows: we introduce the Heterotic Superstring effec-
tive action to first order in α′ following Ref. [2] in Section 2. In Section 3 we re-
visit the dimensional reduction on a circle of the action at zeroth order in α′ as a
warm-up exercise and also because we will need some of the results when we con-
sider the higher-order terms in Section 4. In that section we will obtain the complete
dimensionally-reduced action to first order in α′, we will find the T duality rules and
we will prove the invariance of the action under those T duality rules. In Section 5 we
will used the dimensionally-reduced T duality-invariant action to derive an entropy
formula using the Iyer-Wald prescription and we will apply it to the heterotic version
of the α′-corrected Strominger-Vafa black hole of Ref. [15]. We will end by discussing
our results and future work on these topics in Section 6.
2 The Heterotic Superstring effective action to O(α′)
Let us start by reviewing the Heterotic Superstring effective action to O(α′). We will
use the formulation given in Ref. [2], but written in the conventions of Ref. [50].12 In
this formulation, the action is constructed recursively order by order in α′.
10As a matter of fact, they have partially re-derived several times [41, 42]. Other studies of the effect
of α′ corrections on T duality and O(d, d) transformations in toroidal compactifications, sometimes in
extended set-ups (such as Double Field Theory) can be found [43–47,9].
11 It follows trivially from the invariance of the lower-dimensional string metric and dilaton under
T duality that the zeroth-order in α′ temperature and entropy (the area) are also T duality invariant. This
property was proven by Horowitz and Welch in Ref. [48] before the relation between the Buscher rules
and dimensional reduction was established in Ref. [37]. Recently, it has been investigated again from
the same point of view in Refs. [49,29] to first order in α′, but, again, the relation between dimensional
reduction and T duality and the invariance of the lower-dimensional string metric and dilaton field lead,
trivially, to the invariance of the α′-corrected temperature. The invariance of the action under T duality
at this order implies that of the entropy formula using the Iyer-Wald prescription because the Riemann
curvature is T duality invariant.
12The relation with the fields in Ref. [2] can be found in Ref. [51].
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The zeroth-order 3-form field strength of the Kalb-Ramond 2-form B is defined as
H(0)µνρ ≡ 3∂[µBνρ] , (2.1)
and it contributes as torsion to the zeroth-order torsionful spin connections
Ω
(0)
(±) µ
a
b = ωµ
a
b ± 12H(0)µab , (2.2)
where ωµab is the (torsionless, metric-compatible) Levi-Civita spin connection 1-form.
The corresponding zeroth-order Lorentz curvature 2-forms and Chern-Simons 3-
forms are defined as
R
(0)
(±) µν
a
b = 2∂[µ|Ω
(0)
(±) |ν]
a
b − 2Ω(0)(±) [µ|ac Ω
(0)
(±) |ν]
c
b , (2.3)
ω
L (0)
(±) = 3R
(0)
(±) [µν|
a
bΩ
(0)
(±) |ρ]
b
a + 2Ω
(0)
(±) [µ|
a
b Ω
(0)
(±) |ν|
b
c Ω
(0)
(±) |ρ]
c
a . (2.4)
The gauge field 1-form is AAµ, where A, B,C, . . . are the adjoint gauge indices of
some group that we will not specify. The gauge field strength and the Chern-Simons
3-forms are defined by
FAµν = 2∂[µA
A
ν] + fBC
A AB [µA
C
ν] , (2.5)
ωYM = 3FA [µνA
A
ρ] − fABC AA [µABνACρ] , (2.6)
where we have lowered the adjoint group indices using the Killing metric of KAB:
fABC ≡ fABDKDC and of the gauge fields FA µν ≡ KABFBµν.
Then, at first order
H(1)µνρ = 3∂[µBνρ] +
α′
4
(
ωYMµνρ + ω
L (0)
(−) µνρ
)
, (2.7)
Ω
(1)
(±) µ
a
b = ωµ
a
b ± 12H(1)µ ab , (2.8)
R
(1)
(±) µν
a
b = 2∂[µ|Ω
(1)
(±) |ν]
a
b − 2Ω(1)(±) [µ|ac Ω
(1)
(±) |ν]
c
b , (2.9)
ω
L (1)
(±) µνρ = 3R
(1)
(±) [µν|
a
bΩ
(1)
(±) |ρ]
b
a + 2Ω
(1)
(±) [µ|
a
b Ω
(1)
(±) |ν|
b
c Ω
(1)
(±) |ρ]
c
a . (2.10)
H(2)µνρ = 3∂[µBνρ] +
α′
4
(
ωYMµνρ + ω
L (1)
(−) µνρ
)
, (2.11)
etc.
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Only Ω(0)
(±) µ, R
(0)
(±) µν
a
b,ω
L (0)
(±)µνρ and H
(1)
µνρ (plus the Yang-Mills fields) occur in the
action. In practice, though, it is more convenient to work with the higher-order objects,
neglecting the terms of higher order in α′ when necessary. Thus, from now on we will
suppress the (n) upper indices when they do not play a relevant role.
In terms of all these objects, the Heterotic Superstring effective action in the string
frame and to first-order in α′ can be written as
S =
g2s
16πG(10)N
∫
d10x
√
|g| e−2φ
{
R− 4(∂φ)2 + 112H2 −
α′
8
[
FA · FA + R(−)ab · R(−)ba
]}
,
(2.12)
where G(10)N is the 10-dimensional Newton constant, φ is the dilaton field, the vacuum
expectation value of eφ is the Heterotic Superstring coupling constant gs, R is the Ricci
scalar of the string-frame metric gµν and the dot indicates the contraction of the indices
of 2-forms: FA · FA ≡ FA µνFA µν.
3 Dimensional reduction on S1 at zeroth order in α′
As a warm-up exercise (and also because of the recursive definition of the action that
will make necessary the zeroth-order fields in the first-order action), we review the
well-known dimensional reduction of the action at zeroth order in α′ using the Scherk-
Schwarz formalism [52]. We add hats to all the 10-dimensional objects (fields, indices,
coordinates) and split the 10-dimensional world indices as (µˆ) = (µ, z) and the 10-
dimensional indices as (aˆ) = (a, z).
The Zehnbein and inverse-Zehnbein components eˆµˆ aˆ and eˆaˆ µˆ can be put in an
upper-triangular form by a local Lorentz transformation and, then, they can be de-
composed in terms of the 9-dimensional Vielbein and inverse Vielbein components
eµ
a, eaµ, Kaluza-Klein (KK) vector Aµ and KK scalar k as
(
eˆµˆ
aˆ
)
=

 eµa kAµ
0 k

, (eˆaˆµˆ) =

 eaµ −Aa
0 k−1

, (3.1)
where Aa = eaµAµ. We will always assume that all the 9-dimensional fields with
Lorentz indices are 9-dimensional world tensors contracted with the 9-dimensional
Vielbeins. For instance, the KK fields strength Fab is
Fab = ea
µeb
νFµν, Fµν ≡ 2∂[µAν], (3.2)
The components of the 10-dimensional spin connection ωˆaˆbˆcˆ decompose into those
of the 9-dimensional one ωabc and Fab as
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ωˆabc = ωabc, ωˆabz =
1
2kFab,
ωˆzbc = − 12kFbc , ωˆzbz = −∂b ln k.
(3.3)
Then, using the Palatini identity, it is not difficult to see that the first two terms in
the action Eq. (2.12) take the following 9-dimensional form (up to a total derivative):
∫
d10 xˆ
√
|gˆ| e−2φˆ
{
Rˆ− 4(∂φˆ)2
}
=
∫
dz
∫
d9x
√
|g| e−2φ
{
R− 4(∂φ)2 + (∂ log k)2 − 14k2F2
}
,
(3.4)
where the 9-dimensional dilaton field is related to the 10-dimensional one by
φ ≡ φˆ− 12 log k . (3.5)
At zeroth order in α′, the last term that we have to reduce is the kinetic term
of the Kalb-Ramond 2-form ∼ Hˆ(0) 2. Following Scherk and Schwarz, we consider
the Lorentz components of the 3-form field strength, because they are automatically
gauge-invariant combinations. The Hˆ(0)abz components give
Hˆ(0)abz = k
−1eaµebνHˆ(0)µνz = k−1eaµebν2∂[µBˆν]z . (3.6)
It is, then, appropriate to define the zeroth-order “winding”13 vector field B(0)µ and
its field strength G(0)µν by
B(0)µ ≡ Bˆµz , G(0)µν ≡ 2∂[µB(0)ν] , (3.7)
so that
Hˆ(0)abz = k
−1G(0)ab . (3.8)
The second gauge-invariant combination is
Hˆ(0)abc = ea
µeb
νec
ρ
(
Hˆ(0)µνρ − 3A[µHˆ(0)νρ]z
)
, (3.9)
which suggests the definition
H(0)µνρ ≡ Hˆ(0)µνρ − 3A[µHˆ(0)νρ]z = 3∂[µBˆνρ] − 6A[µ∂νB(0)ρ] . (3.10)
We could simply identify Bˆνρ with the 9-dimensional Kalb-Ramond field, but it
is customary (and convenient) to use a T duality-invariant definition. T duality will
13This vector couples electrically to the string modes with non-vanishing winding number, just as the
KK vector field couples to those with non-vanishing momentum in the internal direction.
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interchange KK momentum and winding, and therefore, will interchange Aµ with
B(0)µ, modifying the Chern-Simons term in the above form of Hµνρ. We can, however,
rewrite it in the form
H(0)µνρ = 3∂[µ
(
Bˆνρ] + AνB
(0)
ρ]
)
− 32A[µG(0)νρ] − 32B(0)[µFνρ] , (3.11)
and identify the T duality-invariant 9-dimensional Kalb-Ramond 2-form
B(0)µν ≡ Bˆµν + A[µB(0)ν] , (3.12)
with the final result
H(0)µνρ = 3∂[µBˆ
(0)
νρ] − 32A[µG(0)νρ] − 32B(0)[µFνρ] . (3.13)
Then, after integrating over the length of the compact coordinate z (2πℓs by con-
vention) the 9-dimensional action to zeroth order in α′ takes the form
S =
g2s (2πℓs)
16πG(10)N
∫
d9x
√
|g| e−2φ
{
R− 4(∂φ)2 + (∂ log k)2 − 14k2F2 − 14k−2G(0) 2 + 112H(0) 2
}
.
(3.14)
This action is invariant under the T duality transformations
A′µ = B(0)µ , B(0) ′µ = Aµ , k′ = 1/k . (3.15)
Taking into account the relations between the 10- and 9-dimensional fields, collected
in Appendix A, it is easy to see that the above T duality transformations correspond
to the following transformations of the 10-dimensional fields known as Buscher rules
[35,36]:
gˆ′zz = 1/gˆzz , Bˆ′µz = gˆµz/gˆzz ,
gˆ′µz = Bˆµz/gˆzz , Bˆ′µν = Bˆµν + 2gˆ[µ|z|Bˆν]z/gˆzz ,
gˆ′µν = gˆµν − (gˆµz gˆνz − BˆµzBˆνz)/gˆzz , φˆ′ = φˆ− 12 ln |gˆzz| .
(3.16)
4 Dimensional reduction on S1 at O(α′)
The reduction of the first two terms in the effective action is not modified by the
inclusion of α′ corrections. The definitions of 9-dimensional metric, dilaton and KK
vector and scalar in terms of the 10-dimensional fields are not modified by them either.
We expect modifications in the definitions of the 9-dimensional Kalb-Ramond 2-form
and of the winding vector, though, because of the presence of the Lorentz and Yang-
Mills Chern-Simons 3-forms in Hˆ(1).
It is convenient to start by studying the dimensional reduction of the Yang-Mills
fields. The Lorentz-indices decomposition of the gauge field is
AˆAz = k
−1AˆAz , (4.1a)
AˆAa = ea
µ(AˆAµ − AˆAzAµ) , (4.1b)
which leads to the definition of the 9-dimensional adjoint scalars φA and gauge vectors
ϕA ≡ k−1 AˆAz , (4.2a)
AAµ ≡ AˆAµ − AˆAzAµ . (4.2b)
In terms of these variables, it is not difficult to see that the components of 10-
dimensional gauge field strength are given by
FˆAaz = Daϕ
A − ϕA∂a log k , (4.3a)
FˆAab = F
A
ab + kϕ
AFab , (4.3b)
where FAµν is the standard Yang-Mills gauge field strength for the 9-dimensional
gauge fields AAµ.
The reduction of the first, second and fourth terms in the action Eq. (2.12) gives (up
to a total derivative)
∫
dz
∫
d9x
√
|g|e−2φ
{
R− 4(∂φ)2 +
(
1+
α′
4
ϕ2
)
(∂ log k)2 +
α′
4
(Dϕ)2
− 14
(
1+
α′
2
ϕ2
)
k2F2 − α
′
8
(
FA · FA + 2ϕAFA · kF
)}
,
(4.4)
where ϕ2 ≡ ϕAϕA etc.
Let us now consider the reduction of the Kalb-Ramond 3-form field strength Hˆ(1),
starting with the gauge-invariant combination
Hˆ(1)abz = k
−1eaµebνHˆ(1)µνz = k−1eaµebν
{
2∂[µBˆν]z +
α′
4
(
ωˆYMµνz + ωˆ
L(0)
(−) µνz
)}
. (4.5)
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Using the above results for the Yang-Mills fields we find that
ωˆYMµνz = kϕA
(
2FAµν + ϕAkFµν
)
− 2∂[µ|
(
kϕA A
A
|ν]
)
. (4.6)
The last term is a total derivative that can be absorbed into the definition of the 9-
dimensional vector field B(1)µ and the remaining terms are manifestly gauge-invariant
2-forms.
We can use this result in the reduction of the Lorentz Chern-Simons 3-form; after
all, the only difference with the Yang-Mills Chern-Simons 3-form is the gauge group,
which now is the 10-dimensional Lorentz group. This is, nevertheless, an important
difference because this group is broken down to the 9-dimensional Lorentz group times
U(1) and we will have to take this fact into account in a second step.
In order to profit from the previous result, we introduce the following notation
Aˆaˆbˆ µˆ ≡ Ωˆ(0)(−) µˆ aˆbˆ , (4.7a)
Fˆaˆbˆ µˆνˆ ≡ Rˆ(0)(−) µˆνˆ aˆbˆ . (4.7b)
Then, a straightforward application of Eq. (4.6) gives
ωˆ
L(0)
(−) µνz = kϕ
aˆ
bˆ
(
2Fbˆ aˆ µν + ϕbˆ aˆkFµν
)
− 2∂[µ|
(
kϕaˆ bˆ A
bˆ
aˆ |ν]
)
, (4.8)
where
ϕaˆbˆ = k−1Ωˆ(0)
(−) z
aˆbˆ , (4.9a)
Aaˆbˆµ = Ωˆ
(0)
(−) µ
aˆbˆ − AµΩˆ(0)(−) zaˆbˆ , (4.9b)
and where Faˆbˆµν is the standard field strength of the gauge field Aaˆbˆµ defined above.
Decomposing now the Lorentz indices, we obtain
ωˆ
L(0)
(−) µνz = kϕ
a
b
(
2Fba µν + ϕbakFµν
)
+ 2kϕaz
(
2Fazµν + ϕazkFµν
)
− 2∂[µ|
[
k
(
ϕaˆ bˆ A
bˆ
aˆ |ν]
)]
.
(4.10)
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The components of these fields are
ϕab = − 12
(
kFab + k−1G(0) ab
)
, (4.11a)
ϕaz = ∂a log k , (4.11b)
Aabµ = ωµ
ab − 12H(0)µab ≡ Ω(0)(−) µab , (4.11c)
Aazµ = − 12
(
kFµ
a − k−1G(0)µa
)
, (4.11d)
Fabµν = R
(0)
(−) µν
ab − 12
(
kF[µ
a − k−1G(0)[µa
) (
kFν]
b − k−1G(0)ν]b
)
, (4.11e)
Fazµν = −D(0)(−) [µ
(
kFν]
a − k−1G(0)ν]a
)
, (4.11f)
where R(0)
(−) µν
ab is the standard Lorentz curvature and D(0)
(−) µ is the standard Lorentz-
covariant derivative with respect to the 9-dimensional torsionful spin connection Ω(0)
(−) µ
ab.
Replacing the above expressions in Eq. (4.10) we obtain
ωˆ
L(0)
(−) µνz = − 12k
(
kFab + k
−1G(0) ab
) {
2R(0)
(−) µν
b
a −
(
kF[µ
b − k−1G(0)[µb
) (
kFν] a − k−1G(0)ν] a
)
− 12
(
kFb a + k
−1G(0) ba
)
kFµν
}
− 2∂ak
[
2D(0)
(−) [µ
(
kFν] a − k−1G(0)ν] a
)
− ∂akFµν
]
− 2∂[µ|
[
k
(
ϕaˆ bˆ A
bˆ
aˆ |ν]
)]
,
(4.12)
and
14
Hˆ(1)cdz = k
−1ecµedν
{
2∂[µ
[
Bˆν]z −
α′
4
k
(
ϕAA
A |ν] + ϕaˆ bˆ A
bˆ
aˆ |ν]
)]
+
α′
4
[
kϕA
(
2FAµν + ϕAkFµν
)
− 12k
(
kFab + k
−1G(0) ab
) [
2R(0)
(−) µν
b
a −
(
kF[µ
b − k−1G(0)[µb
) (
kFν] a − k−1G(0)ν] a
)
− 12
(
kFb a + k
−1G(0) ba
)
kFµν
]
− 2∂ak
[
2D(0)
(−) [µ
(
kFν] a − k−1G(0)ν] a
)
− ∂akFµν
]}
.
(4.13)
Since the right-hand side has to be a gauge-invariant combination, it is natural to define
the first-order in α′ winding vector and its field strength by
B(1)µ ≡ Bˆµ z − α
′
4
k
(
ϕA A
A
µ + ϕ
aˆ
bˆ A
bˆ
aˆ µ
)
= Bˆµ z − α
′
4
[
AˆAµ AˆA z + Ωˆ
(0)
(−) µ
aˆ
bˆΩˆ
(0)
(−) z
bˆ
aˆ
−Aµ
(
AˆAz AˆA z + Ωˆ
(0)
(−) z
aˆ
bˆΩˆ
(0)
(−) z
bˆ
aˆ
)]
, (4.14a)
G(1)µν ≡ 2∂[µB(1)ν] . (4.14b)
Furthermore, it is also natural to define the combinations
K(±)µν ≡ kFµν ± k−1G(0)µν . (4.15)
K(+)µν is invariant under the zeroth-order T duality transformations Eq. (3.15) while
K(−)µν gets a minus sign under the same transformations. With this notation, we can
finally write
Hˆ(1)abz = k
−1G(1)ab +
α′
4
{
2ϕAFAab +
[
ϕ2 − 14K(+) 2 + 2(∂ log k)2
]
kFab
+R
(0)
(−) ab
cdK(+)cd − 12K(−)acK(−)bdK(+)cd − 4D(0)(−) [aK(−)b] c∂c log k
}
.
(4.16)
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This term contributes as − 14 Hˆ(1)abzHˆ(1) abz, which, at first order in α′ gives
− 14 Hˆ(1)abzHˆ(1) abz = − 14k−2G(1) 2
− α
′
8
{
2ϕAFA · k−1G(0) +
[
ϕ2 − 14K(+) 2 + (∂ log k)2
]
F · G(0)
+ k−1R(0)
(−) ab
cdK(+)cdG
(0) ab − 12k−1G(0) abK(−)acK(−)bdK(+)cd
−4k−1G(0) abD(0)
(−) [aK
(−)
b] c∂
c log k
}
.
(4.17)
Let us now move to the gauge-invariant combination Hˆ(1)abc, that we will identify
with the 9-dimensional Kalb-Ramond 3-form field strength. Using the zeroth-order
result, we get
Hˆ(1)abc = H
(0)
abc +
α′
4
(
ωˆYMabc + ωˆ
L (0)
abc
)
. (4.18)
Using Eqs. (4.3) it is almost immediately seen that
ωˆYMabc = ω
YM
abc + 3kϕAF[ab A
A
c] . (4.19)
The last term has to be integrated by parts, and the final result is
ωˆYMabc = ω
YM
abc + 6ea
µeb
νec
ρ
[
∂[µ
(
kAν|ϕAAA |ρ]
)
+ A[µ∂ν|
(
kϕA A
A|ρ]
)]
. (4.20)
The second term in the above expression, a total derivative, will combine with Bˆµν (and
terms coming from ωˆL (0)abc) to give B(1)µν and the third term, as we know, combines
with Bˆµz (and terms coming from ωˆL (0)abc) to give B(1)µ.
The above result can be applied to ωˆL (0)abc, using the definitions Eq. (4.9). We get
ωˆL (0)abc = ω
L (0)
abc + ea
µeb
νec
ρ
[
∂[µK
(−)
ν
eK(−)ρ] e + 6∂[µ
(
kAν|ϕeˆ fˆ A
fˆ
eˆ |ρ]
)
+6A[µ∂ν|
(
kϕeˆ fˆ A
fˆ
eˆ |ρ]
)]
.
(4.21)
Defining
B(1)µν ≡ Bˆµν + A[µ
[
Bˆν] z +
α′
4
k
(
AˆAν] AˆA z + Ωˆ
(0)
(−) ν]
aˆ
bˆΩˆ
(0)
(−) z
bˆ
aˆ
)]
, (4.22)
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we find
Hˆ(1)abc = H
(1)
abc , (4.23a)
H(1)µνρ ≡ 3∂[µB(1)νρ] − 32 A[µG(1)νρ] − 32B(1)[µFνρ]
+
α′
4
(
ωYMµνρ +ω
L (0)
(−) µνρ +D(−) [µK(−)νeK(−)ρ] e
)
. (4.23b)
Summarizing, the reduction of all the terms in the action but the last one gives, to
O(α′),
∫
dz
∫
d9x
√
|g|e−2φ
{
R− 4(∂φ)2 +
(
1+
α′
4
ϕ2
)
(∂ log k)2 +
α′
4
(Dϕ)2
− 14
(
1+
α′
2
ϕ2
)
k2F2 + 112H
(1) 2 − 14k−2G(1) 2 −
α′
8
[
FA · FA + 2ϕAFA · K(+)
+
[
ϕ2 − 14K(+) 2 + 2(∂ log k)2
]
F · G(0) + R(0)
(−) ab
cdK(+)cdk
−1G(0) ab
− 12k−1G(0) abK(−)acK(−)bdK(+)cd − 4k−1G(0) abD(0)(−) [aK(−)b] c∂c log k
]}
.
(4.24)
Now, we must deal with the last term. We deal with it in the same way as we dealt
with the Yang-Mills kinetic term:
Rˆ
(0)
(−) cˆdˆ
aˆ
bˆ Rˆ
(0)
(−)
cˆdˆ bˆ
aˆ = Fˆ
aˆ
bˆ cdFˆ
bˆ
aˆ
cd − 2Fˆaˆ bˆ czFˆbˆ aˆcz
=
(
Faˆ bˆ cd + kϕ
aˆ
bˆFcd
) (
Fbˆ aˆ
cd + kϕbˆ aˆF
cd
)
− 2
(
Dcϕaˆ bˆ − ϕaˆ bˆ∂c log k
) (
Dcϕbˆ aˆ − ϕbˆ aˆ∂c log k
)
.
(4.25)
The Lorentz-covariant derivatives in the last line must be taken with respect to the
connection Aaˆbˆµ, which means that the ab components contain contributions from Aazµ
etc. Taking this fact into account, if we split the hatted indices into unhatted indices
and z components, we get
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(
Fab µν + kϕ
a
bFµν
) (
Fba
µν + kϕbaF
µν
)
+ 2
(
Fazµν + kϕ
azFµν
)
(Fa
zµν + kϕa
zFµν)
− 2 (Dcϕab − Aazcϕbz + Abzcϕaz − ϕab∂c log k)
(
Dcϕba − Abzcϕaz + Aazcϕbz − ϕba∂c log k
)
− 4
(
Dcϕaz + Abzcϕab − ϕaz∂c log k
) (
Dcϕaz + Abz cϕab − ϕaz∂c log k
)
,
(4.26)
where, now Dc is the Lorentz-covariant derivative with respect to the connection Aabµ.
Substituting the components Aabµ, Aazµ, ϕab, ϕaz by their values, we get
(
R
(0)
(−) µν
a
b − 12K(−)[µaK(−)ν] b − 12K(+) abkFµν
) (
R
(0)
(−)
µν b
a − 12K(−) µ bK(−) νa − 12K(+) bakFµν
)
+ 2
(
D(0)
(−) [µK
(−)
ν] a − ∂a log k kFµν
) (
D(0)
(−)
[µ|K(−) |ν] a − ∂a log k kFµν
)
+ 12
(
D(0)
(−)
cK(+) ab − 2K(−) c [a∂b] log k− K(+) ab∂c log k
)
(
D(0)
(−) cK
(+)
ab − 2K(−)c [a∂b] log k− K(+)ab∂c log k
)
− 4
(
D(0)
(−)
c∂a log k− 14K(−) cbK(+)ba − ∂a log k∂c log k
)
(
D(0)
(−) c∂a log k− 14K(−)cbK(+)ba − ∂a log k∂c log k
)
.
(4.27)
Operating, we finally get
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Rˆ
(0)
(−) cˆdˆ
aˆ
bˆ Rˆ
(0)
(−)
cˆdˆ bˆ
aˆ = R
(0)
(−) µν
a
bR
(0)
(−)
µν b
a + R
(0)
(−) µν
abK(−) µaK(−) νb + R
(0)
(−) µν
abK(+)abkF
µν
+ 14K
(−)
[µ|aK(−)aνK(−) |ν]bK(−)bµ − 12K(−)µaK(−)νbK(+) abkFµν
− 14(K(+))2k2F2 + 2D(0)(−)[µ|K(−) |ν] aD
(0)
(−) [µ|K
(−)|ν] a
− 4D(0)
(−)
µK(−) νa∂a log kkFµν + 2(∂ log k)2k2F2
+ 12D(0)(−)cK(+) abD
(0)
(−) cK
(+)
ab − 2D(0)(−)cK(+) abK(−)c a∂b log k
−D(0)
(−)
cK(+) abK(+)ab∂c log k + 2K
(−) c [a∂b] log kK(−)ca∂b log k
+ 2K(−) c a∂b log kK(+)ab∂c log k + 12(K
(+))2(∂ log k)2
− 4D(0)
(−)
c∂a log kD(0)
(−) c∂a log k + 2D
(0)
(−)
c∂a log kK(−)cbK(+)ba
− 2K(−) cbK(+)ba∂c log k∂a log k− 14K(−) abK(+) bcK(−) cdK(+) da
+ 8D(0)
(−)
c∂a log k∂a log k∂c log k− 4((∂ log k)2)2 .
(4.28)
With all these terms, the action takes the form
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S =
g2s (2πℓs)
16πG(10)N
∫
d9x
√
|g|e−2φ
{
R− 4(∂φ)2 + α
′
4
(Dϕ)2 − ∂ak−1∂ak(1)
− 14k(1) 2F2 − 14k−2G(1) 2 + 12(1− k(1)k−1)F · G(1) + 112H(1) 2
− α
′
8
[
FA · FA + R(0)(−)ab · R
(0)
(−)
b
a + R
(0)
(−) ab
cd
(
K(−) acK(−) bd + K(+) abK(+)cd
)
+ 2ϕAFA · K(+)
− 34K(+) abK(−) bcK(+) cdK(−) da + 18K(−) abK(−) bcK(−) cdK(−) da − 18
(
K(−) · K(−)
)2
− 4K(+) abD(0)
(−) aK
(−)
bc∂
c log k− 2K(−) abD(0)
(−) aK
(+)
bc∂
c log k
+ 2D(0)
(−)
[a|K(−) |b] cD(0)
(−) [a|K
(−) |b] c + 12D(0)(−)cK(+) abD
(0)
(−) cK
(+)
ab
− 4D(0)
(−)
c∂a log kD(0)
(−) c∂a log k + 2K
(−) acK(+)cbD(0)(−) a∂b log k
+2K(−) c [a∂b] log kK(−)ca∂b log k
]}
,
(4.29)
where we have defined
k(1) ≡ k
[
1+
α′
4
(
ϕ2 − 14K(+) 2 + 2(∂ log k)2
)]
, (4.30)
and we have added some O(α′2) terms in order to obtain nicer or simpler expressions.
4.1 T duality
All the O(α′) terms of the reduced action Eq. (4.29) are invariant under the zeroth-
order T duality transformations Eqs. (3.15), and the whole action is invariant to O(α′)
under the transformations
A′µ = B(1)µ , B(1) ′µ = Aµ , k′ = 1/k(1) , (4.31)
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which reduce to the zeroth-order ones in Eqs. (3.15) when we set α′ = 0. Furthermore,
observe that
k(1) ′ = k′
[
1+
α′
4
(
ϕ2 − 14K(+) 2 + 2(∂ log k)2
)]
= k(1)−1
[
1+
α′
4
(
ϕ2 − 14K(+) 2 + 2(∂ log k)2
)]
= k−1
[
1+O(α′ 2)
]
.
(4.32)
Using the relation between the higher- and lower-dimensional fields, these trans-
formations can be expressed in terms of the higher-dimensional ones in the form
gˆ′µν = gˆµν +
gˆzzGˆ
(1)
zµGˆ
(1)
zν
Gˆ(1)2zz
− 2Gˆ
(1)
z(µ gˆν)z
Gˆ(1)zz
,
Bˆ′µν = Bˆµν −
Gˆ
(1)
z[µGˆ
(1)
ν]z
Gˆ(1)zz
,
gˆ′zµ = −
gˆzµ
Gˆ(1)zz
+
gˆzzGˆ
(1)
zµ
Gˆ(1)2zz
, Bˆ′zµ = −
Bˆzµ
Gˆ(1)zz
− Gˆ
(1)
zµ
Gˆ(1)zz
,
gˆ′zz =
gˆzz
Gˆ(1)2zz
, e−2φˆ
′
= e−2φˆ|Gˆ(1)zz| ,
Aˆ′Az = − Aˆ
A
z
Gˆ(1)zz
, Aˆ′Aµ = AˆAµ − Aˆ
A
zGˆ
(1)
zµ
Gˆ(1)zz
,
(4.33)
where the tensor Gˆ(1) µˆνˆ is defined by
Gˆ
(1)
µˆνˆ ≡ gˆµˆνˆ − Bˆµˆνˆ − α
′
4
{
AˆA Aµˆ AˆA νˆ + Ωˆ
(0)
(−) µˆ
aˆ
bˆΩˆ
(0)
(−) νˆ
bˆ
aˆ
}
. (4.34)
These are the α′-corrected Buscher rules first found in Ref. [40] and later rediscov-
ered elsewhere [41,42].
It is well known that N = 1, d = 10 supergravity [53, 54] coupled to nV Abelian
vector multiplets [53,54] and dimensionally reduced on a Tn has a global O(n, n + nV)
symmetry which was shown in Ref. [10] to be related to string T duality. In the case at
hand, the YM vectors are, generically, non-Abelian, which reduces the symmetry to just
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O(n, n) [45] or just O(1, 1) here. This group consists of the discrete transformation that
give rise to the Buscher rules Eq. (4.31) and rescalings of just certain lower-dimensional
fields:
A′µ = λ−1Aµ , B(1) ′µ = λB(1) ′µ , k′ = λk . (4.35)
Under these rescalings K±, H(1) and the Lorentz curvature terms remain invariant
while
k(1) ′ = λk(1) . (4.36)
It can be checked that the dimensionally-reduced action Eq. (4.29) is invariant under
these transformations and, therefore, under the whole O(1, 1) group.
We observe that the kinetic term of the KK and winding vectors is the sum of two
separately O(1, 1)-invariant terms
− 14(Fµν , G(1)µν)

 k(1) 2 0
0 1/k2



 Fµν
G(1) µν

+ 12(1− k(1)/k)F · G(1) , (4.37)
and that the diagonal kinetic matrix transforms consistently under O(1, 1) transfor-
mations even though, as different to the zeroth-order case, the kinetic matrix is not an
O(1, 1)matrix itself. The consistency is related to the fact that it is part of a O(1, 1+ nV)
matrix.
5 Entropy formula
We can use the dimensionally reduced action we have obtained to calculate the entropy
of some d-dimensional heterotic string black holes using the Iyer-Wald prescription [23,
24]. These black holes must be solutions of the theory defined by the action Eq. (4.29)
understood as a d-dimensional action. Therefore, they must be solutions of the theory
defined by the action Eq. (2.12) understood as a (d + 1)-dimensional action14 admit-
ting an isometry. Since this (d + 1)-dimensional action can be obtained from the 10-
dimensional one by a trivial compactification on a 10− (d + 1)-dimensional torus, the
metrics of the 10-dimensional solutions corresponding to the d-dimensional black holes
14The constant in front of the action should now contain the volume of a (10− d)-dimensional torus
instead of that of circle, that is
g2s (2πℓs)
10−d
16πG(10)N
=
(g
(d)
s )
2
16πG(d)N
, (5.1)
where g(d)s is the d-dimensional string coupling constant or the vacuum expected value of the d-
dimensional dilaton < eφ >= eφ∞ and G(d)N the d-dimensional Newton constant. The relations of the
10-dimensional and d-dimensional ones with the volume of the (10− d)-dimensional compact space,
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are the direct products of non-trivial (d + 1)-dimensional metrics and the metric of a
10− (d + 1)-dimensional torus. The non-extremal 4-dimensional Reissner-Nordström
black hole of Ref. [19] or the heterotic version of the 5-dimensional Strominger-Vafa
black hole of Ref. [15] are two interesting examples of this kind of solution.
Applying directly the Iyer-Wald prescription to the d-dimensional action Eq. (4.29)
we obtain the following entropy formula expressed in string-frame variables:
S = −2π
∫
Σ
dd−2x
√
|h| ∂L
∂Rabcd
ǫabǫcd , (5.3a)
∂L
∂Rabcd
=
e−2(φ−φ∞)
16πG(d)N
{
gab, cd − α
′
8
[
H(0) abg
(
ωg
cd − H(0)g cd
)
−2R(0) abcd
(−) + K
(−) [a|cK(−) |b]d + K(+) abK(+) cd
]}
, (5.3b)
where |h| is the absolute value of the determinant of the metric induced over the event
horizon, gab,cd = 12(g
acgbd − gadgbc), ǫab is the event horizon’s binormal normalized so
that ǫabǫab = −2 and Rabcd is the Riemann tensor.
5.1 The Wald entropy of the α′-corrected Strominger-Vafa black hole
The entropy formula Eq. (5.3b) has been shown in Ref. [19] to give an entropy which is
related to the Hawking temperature by the thermodynamic relation
∂S
∂M
=
1
T
, (5.4)
for the particular case of α′-corrected, 4-dimensional, non-extremal Reissner-Nordström
black holes. In this section we want to recalculate the Wald entropy of the α′-corrected
Strominger-Vafa black hole. Being an extremal black hole, we will not be able to check
that the entropy obtained is related to the temperature as above, but, instead, we will be
able to compare with other results obtained in the literature and with the microscopic
calculations.
The 5-dimensional α′-corrected Strominger-Vafa black hole corresponds to the 10-
dimensional solution of the Heterotic Superstring effective action [15,16]
V10−d is
g2s = V10−d/(2πℓs)10−dg
(d) 2
s , (5.2a)
G
(10)
N = G
(d)
N V10−d . (5.2b)
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dsˆ2 =
2
Z− du
(
dv− 12Z+du
)
−Z0(dρ2 + ρ2dΩ2(3))− dyidyi , i = 1, . . . , 4 , (5.5a)
Hˆ(1) = dZ−1− ∧ du ∧ dv + ⋆4dZ0 , (5.5b)
e−2φˆ = e−2φˆ∞Z−/Z0 , (5.5c)
where ⋆4 stands for the Hodge dual in the 4-dimensional Euclidean space with metric
dρ2 + ρ2dΩ2(3), and where the Z functions take the values15
Z0 = 1+ q˜0
ρ2
− α′ ρ
2 + 2q˜0
(ρ2 + q˜0)2
+O(α′2) , (5.6a)
Z− = 1+ q˜−
ρ2
+O(α′2) , (5.6b)
Z+ = 1+ q˜+
ρ2
+ 2α′
q˜+(ρ2 + q˜0 + q˜−)
q˜0(ρ2 + q˜0)(ρ2 + q˜−)
+O(α′2) . (5.6c)
Compactifying this solution in a T4 parameterized by the coordinates yi is trivial.
Then, we just have to compactify the resulting 6-dimensional solution to d = 5 using
the results obtained here along the coordinate z ≡ u/k∞, where k∞ is the asymptotic
value of the KK scalar k. It is helpful to rewrite the 6-dimensional solution in the form
dsˆ2 =
1
Z+Z− dt
2 −Z0(dρ2 + ρ2dΩ2(3))−
k2∞Z+
Z−
(
dz− 1
k∞Z+ dt
)2
, (5.7a)
Hˆ(1) = d
(
− k∞Z− dt ∧ dz
)
+ ⋆4dZ0 , (5.7b)
e−2φˆ = e−2φˆ∞Z−/Z0 , (5.7c)
where we have set v = t, to identify immediately the following 5-dimensional fields:16
15The Regge slope parameter α′ in Refs. [15, 16] has been replaced by α′/8 here to obtain the correct
form of the action and solutions.
16We have only computed G(0) and not G(1) because of its complication and because it is unnecessary
to do it for the calculation of the entropy. On the other hand, the Kalb-Ramond field is customarily
dualized into another vector field to which the third charge q˜0 is associated.
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ds2 =
1
Z+Z− dt
2 −Z0(dρ2 + ρ2dΩ2(3)) , (5.8a)
H(1) = ⋆4dZ0 , (5.8b)
F = d
(
− 1
k∞Z+ dt
)
, (5.8c)
G(0) = d
(
− k∞Z− dt
)
, (5.8d)
e−2(φ−φ∞) =
√Z+Z−/Z0 , (5.8e)
k/k∞ =
√
Z+/Z− , (5.8f)
and the T duality even and odd 2-forms
K± = − 1√Z+Z−
(Z ′+
Z+ ±
Z ′−
Z−
)
dρ ∧ dt , (5.9)
where a prime indicates derivative with respect to ρ.
In the Vielbein basis
e0 =
1√Z+Z− dt , e
1 =
√
Z0dρ , ei = 12
√
Z0ρθi , (5.10)
where the θi are the left-invariant SU(2) Maurer-Cartan 1-forms that satisfy dΩ2(3) =
1
4θ
iθi, the binormal is given by just ǫ01 = +1 and the entropy formula in Eqs. (5.3a)
and (5.3b) becomes
S =
1
4G(5)N
∫
Σ
d3xe−2(φ−φ∞)
√
|h|
{
1+
α′
4
[
−2R0101 + (K(−) 01)2 + (K(+) 01)2
]}
. (5.11)
The fields in the integrand are only functions of ρ and we can perform the integral
over S3. Evaluating the zeroth-order term at ρ = 0, where the horizon is located, we
get
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S =
1
4G(5)N
{
AH + α′π2 lim
ρ→0
ρ3
√Z0Z+Z−
[
−
√
Z+Z−
Z0
[
1
(
√Z+Z−)′
√Z0
]′
+
1
Z0
(Z ′+
Z+
)2
+
1
Z0
(Z ′−
Z−
)2]}
,
(5.12)
where AH, the area of the horizon, is given by
AH = 2π2 lim
ρ→0
ρ3
√Z0Z+Z− = 2π2√q˜0q˜+ q˜− . (5.13)
Finally, we arrive at
S =
AH
4G(5)N
{
1+
2α′
q˜0
}
. (5.14)
In order to compare this result with the microscopic entropy in Ref. [30], we have
to express the charges q˜+, q˜−, q˜0 in terms of the asymptotic charges17. First, we have
to take into account the relation between q˜+, q˜−, q˜0 and the numbers of fundamental
strings n, momentum w and S5-branes N is
q˜+ =
α′ 2g2s n
R2z
, q˜− = α′g2s w , q˜0 = α′N . (5.15)
Second, 10-dimensional Newton constant G(10)N is given in terms the Regge slope pa-
rameter α′ = ℓ2s and the 10-dimensional string coupling constant gs by
G
(10)
N = 8π
6g2sα
′ 4 . (5.16)
This and Eq. (5.2b) allow us to rewrite the entropy Eq. (5.14) in the form
S = 2π
√
nwN
(
1+
2
N
)
. (5.17)
Finally, in terms of the asymptotic charges Q+,Q−,Q0, which are related to the
numbers of branes by
Q+ = n
(
1+
2
N
)
Q− = w , Q0 = N − 1 , (5.18)
the entropy takes the final form that can be compared with the microscopic formula
S = 2π
√
Q+Q−(Q0 + 3) . (5.19)
17See Refs. [15,31], specially Eqs. (2.18),(2.20),(2.21) of the later.
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6 Discussion
In this paper we have performed the complete dimensional reduction of the Heterotic
Superstring effective action to first order in α′ using the formulation based on the
supersymmetry completion of the Lorentz Chern-Simons terms that occur in the Kalb-
Ramond field strength [3,2]. We have found a Z2 transformation of the dimensionally-
reduced action that leaves it invariant and that is an O(α′) generalization of the stan-
dard transformations that interchange KK and winding vectors and invert the KK
scalar. In 10-dimensional variables (the components of the 10-dimensional fields) these
transformations are nothing but the α′-corrected Buscher rules of the Heterotic Super-
string theory, first found in [40].
Then, we used the dimensionally-reduced action to find, following the Iyer-Wald
prescription [23, 24] an entropy formula for stringy black holes that can be obtained
from a 10-dimensional solution by a single non-trivial compactification on a circle, sup-
plemented by a trivial compactification on a torus. This formula was successfully ap-
plied to a non-extremal 4-dimensional Reissner-Nordström black hole in Ref. [19] and,
in this paper, we have applied it to the α′-corrected heterotic version of the Strominger-
Vafa black hole of Ref. [15] obtaining an entropy formula that matches the microscopic
result obtained in [30] once the relations between integration constants and asymptotic
brane charges have been correctly taken into account. As explained in Ref. [31], the
result obtained in Ref. [15] misses a factor of 2 that we recover here.
It would be desirable to obtain an entropy formula that could be applied to more
general black holes, in particular, to the 4-dimensional 4-charge ones. This requires
a more general toroidal compactification of the action along the lines of the one re-
cently obtained in Ref. [9], including YM fields and closer to the Bergshoeff-de Roo
formulation [56]. It is also necessary to prove the first law of black hole mechanics
for the Heterotic Superstring effective action in order to make sure that the Iyer-Wald
prescription can be unambiguously applied as we have done here or that the entropy
is just given by the integral of the Noether charge as assumed in Ref. [29], since, in
presence of matter fields, some terms of the total Noether charge can be be related to
other terms in the first law [55].
Finally, let us comment on the invariance of the black-hole temperature and en-
tropy under α′-corrected T duality, which we already mentioned in footnote 11 in
the Introduction, which was discussed in Refs. [48, 49, 29]. T duality manifests itself
in the non-compact dimensions in which black-hole solutions appear as such as a
symmetry that only acts on some lower-dimensional vector fields (KK and winding
vector fields) and on some scalars (KK scalars and scalars originating in the Kalb-
Ramond 2-form, if one compactifies more than one dimension). In particular, the
lower-dimensional dilaton, the string metric and the lower-dimensional Kalb-Ramond
field are T duality-invariant.18 Since the surface gravity is computed directly on the
18More precisely, in toroidal compactifications, the lower-dimensional Kalb-Ramond 2-form is only
invariant up to a compensating O(n) gauge transformation [56], but its field strength is exactly invariant.
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dimensionally-reduced metric, its invariance implies immediately the invariance of the
Hawking temperature. The invariance of the lower-dimensional action and the invari-
ance of the Riemann tensor (which follows that of the metric) automatically imply the
invariance of the Wald entropy formula. In our case, the invariance of the entropy
formula in Eqs. (5.3a),(5.3b) is manifest.
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A Relation between 10- and 9-dimensional fields at ze-
roth order in α′
At zeroth order in α′, the 10-dimensional fields can be expressed in terms of the 9-
dimensional ones as follows:
gˆµν = gµν − k2AµAν ,
gˆµz = −k2Aµ ,
gˆzz = −k2 ,
Bˆµν = B
(0)
µν − A[µB(0)ν] ,
Bˆµz = B
(0)
µ ,
φˆ = φ+ 12 log k .
(A.1)
The inverse relations are
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gµν = gˆµν − gˆzµgˆzν/gˆzz ,
Aµ = gˆµz/gˆzz ,
k = |gˆzz|1/2 ,
B(0)µν = Bˆµν + gˆz[µBˆν]z/gˆzz ,
B(0)µ = Bˆµz ,
φ = φˆ− 14 log (−gˆzz) .
(A.2)
B Relation between 10- and 9-dimensional fields at O(α′)
At first order in α′, the 10-dimensional fields can be expressed in terms of the 9-
dimensional ones as follows:
gˆµν = gµν − k2AµAν ,
gˆµz = −k2Aµ ,
gˆzz = −k2 ,
Bˆµν = B
(1)
µν − A[µ
[
B(1)ν] +
α′
2
k
(
ϕA A
A|ν] + 12Ω
(0)
(−) |ν]
abK(+)ab − K(−) |ν]a∂a log k
)]
,
Bˆµz = B
(1)
µ +
α′
4
k
(
ϕAA
A
µ +
1
2Ω
(0)
(−) µ
abK(+)ab − K(−)µa∂a log k
)
,
φˆ = φ+ 12 log k ,
AˆAµ = A
A
µ + kϕ
A Aµ ,
AˆAz = kϕ
A .
(B.1)
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The inverse relations are
gµν = gˆµν − gˆzµgˆzν/gˆzz ,
Aµ = gˆµz/gˆzz ,
k = |gˆzz|1/2 ,
B(1)µν = Bˆµν + gˆz[µ
[
Bˆ|ν] z +
α′
4
(
AˆA |ν]AˆA z + Ωˆ
(0)
(−) |ν]
aˆ
bˆΩˆ
(0)
(−) z
bˆ
aˆ
)]
/gˆzz ,
B(1)µ = Bˆµ z − α
′
4
[
AˆAµAˆA z + Ωˆ
(0)
(−) µ
aˆ
bˆΩˆ
(0)
(−) z
bˆ
aˆ
−gˆµz
(
AˆAz AˆA z + Ωˆ
(0)
(−) z
aˆ
bˆΩˆ
(0)
(−) z
bˆ
aˆ
)
/gˆzz
]
,
φ = φˆ− 14 log (−gˆzz) ,
AAµ = Aˆ
A
µ − AˆAz gˆµz/gˆzz ,
ϕA = AˆAz/(−gˆzz)1/2 .
(B.2)
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